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ABSTRACT

In this study, the general theory of FK and BK spaces, the most important
basic properties of certain measures of noncompactness on bounded sets of complete
metric spaces and Banach spaces and some Hausdorff measure of noncompactness
of operators between Banach spaces are examined. Also, some classes of linear
operators and compact operators between Banach spaces are characterized.
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oY/

Bu calismada FK ve BK uzaylarinin genel teorisi, tam metrik ve Banach uzay-
larinin sinirh ciimleleri iizerinde kompaksizligin belirli 6l¢timlerinin en 6nemli temel
ozellikleri ve operatorlerin kompaksizliginin Hausdorff 6l¢timii incelendi. Ayrica,
Banach uzaylar1 arasinda lineer ve compact operatorler karakterize edildi.
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LIST OF SYMBOLS AND ABBREVIATIONS

SYMBOL/ABBREVIATION

w Set of all sequences with complex entries

c Set of convergent sequences

Co Set of null sequences

lso Set of bounded sequences

l, Set of p absolutely summable sequences

cs Set of convergent series

bs Set of bounded series

X (Function of) Hausdorff measure of noncompactness
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M5 The subfamily of M x consisting of all closed sets

(X,Y) Set of linear operators from X to Y

L(X,Y) Set of linear operators from a linear space X into a linear space
Y
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B(X,Y) Set of bounded linear operators from X to Y

Np Set of natural numbers, that is, Ny = {0,1,2,...}

R* Set of non-negative real numbers

R Set of real numbers, the real field



s o = 0 9 a

Ax

{(Az),}
(A, 1)

Set of complex numbers, the complex field
Collection of all finite subsets of N

Set of rational numbers

Zero vector in a linear space X

Set of all finitely non-zero sequences
Empty set

Space of absolutely summable sequences
m'" section of a sequence z = (z)

Sequences whose only non-zero term is a 1 in k' place for each
keN

{(Az)n ),
A-transform of a sequence x

Class of all matrices from a sequence space A into a sequence space
1

a—dual of a sequence space A
[S—dual of a sequence space A
~v—dual of a sequence space A
Continuous dual of a sequence space X
f—dual of a sequence space X

Domain of an infinite matrix A in a sequence space A
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CHAPTER 1

INTRODUCTION

The theory of FK space was initiated by K. Zeller in 1949. K. Zeller published
some seminar paper, for example, [5], [6], [8] around 1949. The subject was then

further developed by Zeller and many other mathematicians.

Measures of noncompactness are very useful tools in functional analysis, for
example in metric fixed point theory and in the theory of operator equations in
Banach spaces. They are very often used in the studies of functional equations,
ordinary and partial differential equations, optimal control theory, etc. In particular,
the characterizations of compact operators between Banach spaces can be obtained

from them.

The first measure of noncompactness, denoted by «, was defined and studied
by Kuratowski in 1930. Other measures of noncompactness have been defined since
then. The most important one of them is the Hausdorff measure of noncompactness

x which was introduced by Goldenstein, Go’hberg and Markus in 1957.

We give an introduction to the general theory of FK spaces as well as BK,
AK and AD spaces, an axiomatic introduction of measures of noncompactness on
bounded sets of complete metric spaces, and study their most important properties.
In particular, we consider the Kuratowski and Hausdorff measures of noncompact-
ness. Moreover, we study the Hausdorff measures of noncompactness of operators
between Banach spaces. Lastly, we establish an identity for the Hausdorff measure
of noncompactness of bounded sets in the space ¢; of all absolutely convergent se-

ries of complex numbers and to characterize some classes of all compact bounded



operators ({1, 1), ((Ep)Nq . o) ((ﬁp)Nq ,¢) and ((ép)Nq ).

1.1 PRELIMINARIES

The concept of a linear space involves an algebraic structure given by the
definition of two operations, namely the sum of any two of its vectors and the
product of any scalar with any vector. On the other hand a topological structure of

a set may be given by a metric.

Definition 1.1. Let X # () be a set. A function
d: XxX—R

is said to be a metric for X if the following condition are satisfied for all x,y,z € X

(M1) d(z,y) >0 and d(z,y) =0 if and only if x =y
(M2) d(x,y) = d(y,x) (symmetry)

(M3) d(z,y) < d(x,z)+ d(z,y) (triangle inequality).
The set X together with a metric d is called a metric space denoted by (X,d).

If a set is both a linear and metric space, then it will be natural to require the
algebraic operations to be continuous with respect to the metric. The continuity of
the algebraic operations of a linear metric space (X, d) means the following: If (z,)
and (y,) are two sequences in X and (\,) is a sequence of scalars with x, — =,
Yo — y and A, — A (n — o0), then z,, + y, — = + y and \,z, = Az (n — ).
This means that d(z,,z), d(y,,y) — 0 and A\, — A (n — o0) together imply
d(zp + Yn,x +y) — 0 and d(A\,z,, Ax) — 0 (n — 00).

Definition 1.2. Let X be a linear space and d a metric on X. Then (X,d), or X
for short, is said to be a linear metric space, if the algebraic operations on X are

continuous functions.



Definition 1.3. Let X be a metric sapce. Then X is said to be complete if every

Cauchy sequence in X converges.

Definition 1.4. A complete linear metric space is said to be a Frechet space (cf. [11,

Definition 5.3.2, p. 78]).

The concept of paranorm is closely related to linear metric spaces. It is a
generalization of that of absolute value. The paranorm of a vector x may be thought

of as the distance from x to the origin 0.

Definition 1.5. Let X be a linear space. A function p : X — R is called paranorm,

if

(P1) p(0)=0

(P.2) p(x) >0 forallz € X
(P.3) p(—x) =p(z) forallz e X

(P4) p(x +vy) <p(x)+ply) for all z,y € X (triangle inequality)

(P.5) if (A\n) is a sequence of scalars with A\, — X (n — 00) and (z,,) is a sequence
of vectors with p(x, —x) — 0 (n — o0), then p(Ax, — Ax) — 0 (n — 00)

(continuity of multiplication by scalars).

If p is a paranorm on X, then (X, p), or X for short, is called a paranormed
space. A paranorm p for which p(z) = 0 implies = 0 is called total. For any two
paranorms p and g, p is called stronger than ¢ if, whenever (z,,) is a sequence such
that p(z,) — 0 (n — o0), then also ¢(z,) — 0 (n — o0). If p is stronger than g,
then ¢ is said to be weaker than p. If p is stronger than ¢ and ¢ is stronger than
p, then p and ¢ are called equivalent. If p is stronger than ¢, but p and ¢ are not
equivalent, then p is said to be strictly stronger than ¢, and ¢ is called strictly

weaker than p.

It is easy to see that every totally paranormed space is a linear metric space.
The converse is also true. The metric of any linear metric space is given by some

total paranorm (cf. [11, Theorem 10.4.2, p. 183]).



A sequence of paranorms may be used to define a paranorm.

Theorem 1.1. [16, Theorem 1.2] Let (pi)32, be a sequence of paranorms on a

linear space X. We define the so-called Frechet combination of (px) by

P =D oot (1)

Then

(a) pis a paranorm on X and satisfies

p(z,) = 0(n — o0) if and only if pr(z,) — 0(n — o0) for each k; (1.2)

(b) p is the weakest paranorm which is stronger than every py;

(¢) p is total if and only if every py is total.

A subset S of a linear space X is said to be absorbing if for each x € X there

is € > 0 such that Az € S for all scalars A with |A\| <e.

Remark 1.1. Let (X,p) be a paranormed space. Then the open neighbourhoods of
0, N.(0) ={z € X : p(x) <r}, are absorbing for all r > 0.

Proof. We assume that N,(0) is not absorbing for some r > 0. Then there are
xr € X and a sequence A = (\,)2, of scalars with A\, — 0 (n — o0) and Az ¢ N,.(0)
for all n = 0,1,... But this means p(\,x) > r for all n. Let A\, — 0 and z,, = x.
Hence, p(Ayz, — Az) = p(A,x) (x). Since p(A,z) > r if we take n — oo in (%), we
observe multiplication by scalars is not continous. This is a contradiction with (P.5)

of Definition 1.5. So the remark is valid. O]

As a special case of Theorem 1.1, we obtain

Theorem 1.2. The set w is a Fréchet space with respect to the metric d defined by
o 1 o
d(z,y) = Z R et T for all z,y € w (1.3)

Furthermore convergence in (w,d) and coordinatewise convergence are equivalent,
(w,d

that is ™ — x (n — o0) in (w,d) if and only if x,(cn) — xp, (n — o0) for every k.



Now we introduce the concept of a Schauder basis.

Definition 1.6. A Schauder basis of a linear metric space X is a sequence (by,)
of vectors such that for each vector x € X there is a unique sequence (\,) of scalars

with Y32 o Anby, = x, that is lim,, o0 Y 1o Anby = .

For finite dimensional spaces, the concepts of Schauder and algebraic bases
coincide. In most cases, however, the concepts differ. Every linear space has an
algebraic basis. But there are linear metric spaces without a Schauder basis, as we

shall see later in this subsection.

Example 1.1. For each n = 0,1,..., let e™ be the sequence with e%n) =1 and

e,(:) =0 for k #n. Then (e("))oo

—o s a Schauder basis of w. More precisely, every

sequence © = (z)%%, € w has a unique representation v = Y oo, xre®) | that is,

lim,,_yoo 2™ =z for 2l = o zre™) | the m-section of .

A metric space (X, d) is called separable if it has a countable dense set. That
means there is a countable set A C X such that for all € > 0 and for all x € X there

is an element a € A with d(z,a) < e.

Definition 1.7. Let X be a vector space. A real-valued function ||.|| on X is called
a norm on X if it has the following properties for arbitrary vectors x,y € X and
any scalar \:

(N1) ||z|| = 0 and ||z|| = 0 if and only if x =0

(N2) [[Az][ = [A[|zl| (homogenity)

(N3) ||z +yl| < ||z|]| + |ly|| (triangle inequality).

A wector space X with a norm defined on it is called a normed space.
Definition 1.8. A complete normed space is called a Banach space.

Theorem 1.3. Every complex linear metric space X with Schauder basis is separa-

ble.



Proof. Let (b,) be a Schauder basis of X. For each m € N, we put

Ay = {Zﬂnbn:PnEQ-i-iQ (n=1,2,...,m) } and A = UAm
n=1

m=1
Then A is a countable set in X and now we need to show that A is dense in X. Since
X has a Schauder basis, for any x € X there is a unique sequence (\,) of scalars
with > % ) Anb, = x, that is lim, oo > 0y Anb, =  where A, € C for all n € N.
We can write A\, = B, + i, as Bn, v, € R. Take any a € X. Since Q is dense in R,
that is, Q = R, we can find |3, — 1,| < € and |y, — (| < € with 7,,,(, € Q. We
can also describe v, = 0, + i(,. So we write |\, — a,,| < 2e (¥*). If we consider
d(z,a) < € and (%) and if we define a =: > "7 jayb,, thena € A, € || A, = A.
So A is dense in X. O

Example 1.2. The set {o, = {x € w : supy, |zx| < oo} of all bounded sequences is a

Banach space with ||x||s = supy, |zk| (z € ls) which has no Schauder basis.

Proof. Tt is well-known that(/., |||« ) is a Banach space.

If we show that /., is not separable and apply Theorem 1.3, then /¢, has no
Schauder basis. We assume that ¢, is separable. Then there is a countable
dense set A = {a, :n=0,1,2,...} C {ly. For every n, let U, = N%(an) =

{x Elo ||z — an]]o < %} Since A C lw is dense, {o C |~ Uy,. The set
B={recw:x,€{0,1} for all k=0.1,...} C l

is uncountable. Therefore there must be a set U,,, which contains at least two distinct

sequences = and z of B. Then
[ = 2|l > Tand [[z = &'||oo < || = alloo + [|am — 2'[Joc < 2/3,

a contradiction. Therefore /., cannot be separable. ]

We introduce the so-called classical sequence spaces
lo = {wa:sup|xk| <oo},
k
c:{xew: lim xk:lforsomeZEC},
k—o0

coz{xEcu: limxkzo}
k—o00



of all bounded, convergent and null sequences, and

Ep:{x€w:2|a:k\p<oo} for 1 <p < oc.

k=0

The following result gives the algebraic and topological properties of the sets /.,

o

co and £,

Theorem 1.4. [16, Theorem 1.10]

(a) Fach of the sets U, ¢y and ¢ is a Banach space with ||.||« defined by ||z||e =

supy, |zx|. Moreover |xg| < ||z||e for allk =0, 1, . . . .

(b) The sets ¢, are Banach spaces for 1 < p < oo with ||.||, defined by ||z||, =

O |xk\p)1/p. Moreover |xy| < ||z||, for allk =0, 1, . . ..

(¢) The sequence (e("))zo

_o 8 a Schauder basis for each of the spaces co and €, for

1 < p < oo. More precisely, every sequence x = (x,)22, in any of these spaces

has a unique representation x =Y oo x,e™.

(d) Let e be the sequence with e, = 1 for all k = 0, 1, . . . . We put b = e
and b = eV forn =1, 2, . . . . Then the sequence (b')> is a

Schauder basis for c. More precisely, every sequence x = (1,)5%, € ¢ has a

unique representation x =le + Y (x, — De™ where | = 1(z) = limy,_yo0 Tn.

(e) The space s has no Schauder basis.

If A is an infinite matrix with complex entries a,; (n,k € N), then we write
A = (any) instead of A = (ank);szo. Also, we write A,, for the sequence in the n-th
row of A, that is, A,, = (ank)5>, for every n € N. In addition, if x = (x;) € w, then
we define the A-transform of x as the sequence A(x) = (A, (z))5, where
An(z) = Zankxk (r e X) foralln=0,1,... (1.4)
k=0

provided the series on the right converges for each n € N.

Definition 1.9. Let X and Y be vector spaces over the same field. An operator

T : X =Y is said to be linear if for all x,y € X and scalars X\,

Tx+y) =Tz+Ty (1.5)



T(A\x) = \T'z. (1.6)

Using the notation Tz instead of T'(z) is a standard simplification. The null

space of T, denoted by N(T'), is the set of all € X such that Tz = 0.

The word " kernel” is also used for null space.

Definition 1.10. Let X and Y be complete linear metric spaces and then a linear
operator T from X to Y is called compact or completely continuous if D(T) = X
for the domain of T, and for every bounded sequence (x,,) in X, the sequence (T'(z,,))

has a subsequence which converges in Y .
Remark 1.2. A compact operator is bounded, thus continuous.

Definition 1.11. For the sequence spaces A and pu, the set S(\, p) defined by
Shp) = {z=(z) ew: xz=(vpzx) € p for allz = (z) € \}  (1.7)

is called the multiplier space of A\ and p. With the notation of (1.7), the alpha-,
beta- and gamma-duals of a sequence space A which are denoted by \*, \° and \7,

respectively, are defined by
A= S(A 1), M =8(\ecs) and N = S(\ bs),
that is
AN ={a=(ar) Ew:a -z = (arrE)iy € l1 for allz € X},
M ={a=(a) Ew:a-1=(aprp);y € cs forallz € X},

and

N ={a=(ax) Ew:a- -z = (arzrr)pey € bs for allz € X}.

Definition 1.12. Let X be a vector space.

(a) A subset C of X is said to be convex if Ax + py € C for all x,y € C and all
scalars A and p with A, ;0 > 0 and X+ p = 1. In other words, a subset C' of X
is said to be conver if \x + (1 — Ny € C for all x,y € C and for all A € (0,1).

(b) The convex hull of a subset S of X is the intersection of all convex sets that

contain S; it is denoted by co(S).



(c) A convex combination of elements of a set S is an element of the form

Z)\ka:k where xp € S\, >0 (k=1,...,n) and Z)\k =1(neN).

k=1 k=1

The set of all convex combinations of elements of S is denoted by cvx(S).

Now we state two fundamental results,

Theorem 1.5. Let X be a linear space over C (or R), and C,C4,...,C, be convex
subsets of X and S be any subset of X. Then we have

cvz(C) C C; (1.8)
co(S) = cvx(S); (1.9)

Proof. (i)

We will prove (1.8) using the method of mathematical induction, it is enough

to show that for any n > 2

e €C, Ny >0(k=1,...,n) and Z)\k = 1 together imply Z)\kﬁk eC

k=1 k=1
(1.11)
For n = 2, the statement is clearly true since C is a convex subset. Now we suppose
that the statement in (1.11) is true for a natural number n > 2, and prove the
statement for n+ 1. Let z, € C, A\, > 0fork=1,....,n+1 and Z::é Ar = 1, then

there are two cases:

o If ZZ:())‘IC = 0 then we have \;, = 0 for £k = 1,...,n, A\p,s1 = 1 and so

n+1
Y opeo Mtk = T € C.

o If A=53")_,A\ #0, then we have

n+1 n

A
Z ATy = A Z kak + Ang1Zng1 € C,

k=1 k=1



(i7)

(iii)

10

A . . .
N = Xk >0(k=1,...,n), an =1 andy:anxk € C by hypothesis .

k=1 k=1
furthermore
A+ >\n+1 = ]-7 Aa )‘n—f—l >0
lmply Ay + )\n+1$n+1 eC.

The inclusion in (1.11) is established.

Now we show (1.9).

It follows from (1.11) that
cvz(S) C co(S). (1.12)

Since co(S) is a convex subset of X, it suffices to show that cvx(S) is convex.
Let A € (0,1) and z,y € cvz(S). Then there exist n,m € N, o > 0,24 € S
for k=1,...,nwith Y7 ar=1,also 8; >0,y; € Sfor j=1,...,m with
>y B; = 1 such that

T = Zakxk and y = Zﬂjyj.
k=1 j=1
Now
S ha+Y (1-Ng=A+(1-N)=1
k=1 j=1
implies Az + (1 — Ay € cvx(S). Hence we have proved (1.9).

Finally, we show (1.10).
We put

k=1

_ k=1

Fm((jok)

k=1

It follows by (1.8) that

Since | J,_, Cx C F, it suffices to show that F is convex for the proof of (1.10).
Solet A € (0,1) and z,y € F. Now there exist Ay, > 0, 2, € Cpfork=1,...,n
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with 370 o =1, and 8; > 0,y; € Cjfor j =1,...,nwith 3°7 | 8; = 1 such
that

xr = Zakxk and y = Zﬁjyj.
k=1 j=1

We put v = dag + (1 — \)Bg, for k = 1,...,n. Since the sets Cy,...,C,, are

convex, there exist z, € C} for k= 1,...,n such that
Aagzg + (1 — N)Beyr = g for k=1,...,n. (1.13)

We observe that
Dw=A) a+1=-X3)) B=A+(1-)=1 (1.14)
k=1 k=1 k=1

By (1.13) and (1.14), we have Az + (1 — ANy = > _,_, w2k € F. Thus (1.10) is

proven.

]

Lemma 1.1. Let X be a normed space and () € Mx. Then we have for any x € X

sup ||z —y[| = sup ||z — 2| (1.15)
yeco(Q) 2€Q

Proof. We know that Q@ C co(Q), s0 sup,eq ||z — z|| < supycqog) llv — yl|- Tt is

clearly enough to show

sup ||z —y|| < sup|lz — z|] (1.16)
y€co(Q) z€Q
for the equation of (1.15). Let y € co(Q). Then there exist z € @ and A\ > 0 for

k=1,...,nsuchthat >} o =1andy=>,_, apzs. It follows from
n n
x—y:xZak—Zakxk
k=1 k=1
n n n
= Zakx — Z(xk:vk = Z ag(z — xy),
k=1 k=1 k=1

that

n
e —sll < > aulle — el < sup Il — zull = sup e L.
k=1 TEEQR z€Q

This implies (1.16). O



12

Definition 1.13. Let Q be a nonempty and bounded subset of a normed space X.
Then the convex closure of Q) is the smallest conver and closed subset of X that

contains Q, and denoted Conv(Q).

Remark 1.3. It is easy to show that

Conv(Q) = co(Q). (1.17)

Proof. Since Conv(Q) both contains ) and is smallest closed convex, Conv(Q) C

co(Q). Let a € co(Q).

Since co(Q) = N{C;:i €I, Q C C;, C;is closed and convex, I is an index set },
a € Conv(Q). So co(Q) C Conv(Q). O

Definition 1.14. The diameter of a set S in a metric space (X, d) is the number
sup{d(z,y) : x,y € S}; it is denoted by diam(5).
Some important properties of the diameter are the following [17]:

Lemma 1.2. (i) diam(S) = 0 if and only if S is an empty set or consists of exactly

one point.
(it) If S; C Ss, then diam(Sy) < diam(Ss);
(ii7) diam(S) = diam(S).

(iv) Cantor’s Intersection Theorem: If S, is a decreasing sequence of nonempty,
closed and bounded subsets of X and lim,,_,, diam(S,) = 0, then the intersec-

tion S of all S, is nonempty and consists of exactly one point.

Moreover, if X is a Banach space, then:

(v) diam(cS) = |c|diam(S) for any scalar c,
(vi) diam(z + S) = diam(S) for any z € X,
(vit) diam(S; + S2) < diam(Sy) + diam(Sz),

(viii) diam(co(S)) = diam(95).
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Proof. The parts (i) — (vii), except (iv), can be shown in a direct way and (iv) is
known from elementary functional analysis, and (viii) is an immediate consequence

of Lemma 1.1. O

Corollary 1.1. Let X be a normed space and Q € Mx. Then, by Definition 1.14

and Lemma 1.2, we have
diam(Q) = diam(Conv(Q)). (1.18)

Definition 1.15. Let X be a metric space. If M and S are subsets of X and € > 0,
then the set S is called € — net of M if for any x € M there exists s € S, such that

d(z,s) <e.

Equivalently,

M CS+eBi(0)={s+eb:se S be Bi(0)}. (1.19)

If the set S is finite, then the € — net of M is called finite € — net.

A subset M of a metric space X is compact if every sequence (z,,) in M has a

convergent subsequence, and in this case the limit of that subsequence is in M.

Definition 1.16. The set M is said to be relatively compact if the closure M of M
1s a compact set. The set M 1is said to be totally bounded if it has a finite e-net for

every € > 0.
Definition 1.17. The set M is said to be totally bounded if M is relatively compact.

Remark 1.4. If the metric space (X, d) is complete, then the set M is relatively

compact if and only if it is totally bounded.



CHAPTER 2

FK AND BK SPACES

In this chapter, we shall give a short introduction into the general theory of
FK spaces and apply the results to characterize matrix transformations between the

classical sequence spaces.

2.1 INTRODUCTION INTO THE THEORY OF FK SPACES

In this section, we shall give an introduction into the general theory of FK
spaces. It is the most powerful tool for the solution of problems of various kinds in
summability, in particular in the characterization of matrix transformations between

sequence spaces. Most of the results of this subsection can be found in [23].

We saw in Theorem 1.2 that the set w is a Fréchet space with the metric
d defined in (1.3) and that convergence in w and coordinatewise convergence are
equivalent. Furthermore, by Theorem 1.4, the spaces (o, co, ¢ and ¢, (1 < p < 00)
are Banach spaces with the norms ||.||» and ||.||,, and convergence in any one of
these spaces implies coordinatewise convergence by the inequalities in Theorem 1.4
parts (a) and (b). Thus the metric generated by these norms is stronger than the

metric of w on them.

Definition 2.1. A Fréchet sequence space (X,dx) is said to be an FK space if its
metric dx 1is stronger than the metric d|x of w on X. A BK space is an FK space

which is a Banach space.

14
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Remark 2.1. [16, Remark 1.12] By definition, an FK space X is continuously
embedded in w, that is the inclusion map ¢ : (X, dx) — (w,d) defined by 1(x) = x
(x € X) is continuous. An FK space X is a Fréchet sequence space with continuous

coordinates Py, : X — C defined by Py(x) =z (k=0,1,...) for all z € X.

Example 2.1. The space w is an FK space with its natural metric d. The spaces

U, co, ¢ and £, (1 < p < 00) are BK spaces with their natural norms.

Theorem 2.1. Let (X, dx) be a Fréchet space, (Y,dy) an FK space and f : X =Y
a linear map. Then [ : (X,dx) — (Y,d|y) is continuous if and only if f : (X,dx) —

(Y, dy) is continuous.

Proof. Since f is linear, it is sufficient to show that f is continuous at 0 also f(0) = 0.
First we assume that f : (X,dy) — (Y,dy) is continuous. Let (z,) be a sequence
with d(x,,0) — 0 (n — 00). Then dy (f(x,),0) = 0 (n — 00), since dy is stronger
than d|y it follows that d|y (f(z,),0) — 0 (n = 00). So f : (X,dx) — (Y,d|y)
is continuous. Conversely we assume that f : (X,dx) — (Y,d|y) is continuous.
(Y,d|y) and (X, dx) are Hausdorff spaces because every metric space is a Hausdorff.
Since (Y,d|y) is a Hausdorff space and f is continuous, the graph of f, graph(f)
={(z, f(z)) : x € X}, isaclosed set in (X,dx) x (Y, d|y) by the closed graph lemma
(see appendix 8.4), hence the graph of f is a closed set in (X,dx) x (Y, dy), since
the FK metric dy is stronger than d|y. By the closed graph theorem (see appendix
8.5), the map f: (X,dx) — (Y,dy) is continuous. O

Corollary 2.1. Let X be a Fréchet space, Y an FK space, f: X — Y a linear map
and P, the n-th co-ordinate, that is, P,(y) =y, (y €Y) for alln =0,1,... If each

map P,o f : X — C is continuous, so is f : X =Y.

Proof. Since P,of : X — C is continuous for each n, the map f : X — w is
continuous by the equivalence of coordinatewise convergence and convergence in w.
Here, Y C w and the metric on Y is the d|y of won Y, so f: (X,dx) — (Y,d|y) is

continuous, hence f : X — Y is continuous by Theorem 2.1. O

We shall give the following result.
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Remark 2.2. Let X D ¢ be an FK space and a € w. If the series Y .-, apxy
converges for each x € X, that is, a € X” then the linear functional f, : X — C
defined by

[oe)
falz) = Zakxk for allz € X
k=0
18 continuous.

Proof. We define the linear functional f,, : X = C by f,, = ZZZO apxy for all x €
X and for each n € Ny. Since X is an FK space, the coordinates P, : X — C
are continuous on X for all £ = 0,1,..., and so the functionals f,, = ZZ:O ag Py
(n=0,1,...) are continuous. Also f,(x) = lim,_,« fon(z) exists for each x € X,

and so f, : X — C is continuous by the Banach-Steinhaus theorem (see appendix

8.6). O

Theorem 2.2. Any matriz map between FK spaces is continuous.

Proof. Let X and Y be FK spaces, A € (X,Y) and the map f4 : X — Y be defined
by fa(z) = A(x) for all z € X. Since the maps P,o0 f4 : X — C are continuous
with (P, o0 fa) (x) = P, (fa(z)) = P, (A(z)) = A,(x) for all n € Ny by Remark 2.2,

the linear map f4 is continuous by Corollary 2.1. [

Definition 2.2. Let X D ¢ be an FK space. Then X is said to have

(a) AD if ¢ is dense in X,

(b) AK if every sequence x = (x3)5>, € X has a unique representation v =

Yoo zre®™) | that is, if every sequence x is the limit of its m-sections
m
M = Z zre®).
k=0

If an FK space has AK or AD we also say that it is an AK or AD space.

Remark 2.3. [16, Remark 1.19.] Every AK space has AD. The converse is not

true in general.

Example 2.2. The spaces w, ¢y and ¢, (1 < p < 00) all have AK by Ezample 1.1
and Theorem 1.4.
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The FK metric of an FK space will turn out to be unique.

Theorem 2.3. Let X and Y be FK spaces and X C Y. Then the metric dx on
X is stronger than the metric dy|x of Y on X. The metrics are equivalent if and
only if X is a closed subspace of Y. In particular, the metric of an FK space is
unique, this means there is at most one way to make a linear subspace of w into an

FK space.

Proof. Let ¢+ : (X,dx) — (Y,dy) be the inclusion map. Since X is an FK space,
t: (X,dx) — (Y,d|y) is continuous, and so is ¢ : (X,dx) — (Y,dy) by Theorem
2.1. Thus dy is stronger than dy|x. The uniqueness of an FK space is shown in
exactly the same way. Let X be closed in Y, then X becomes an FK space with
dy|x, and the uniqueness of an FK metric implies that dx and dy|x are equivalent.
Conversely, if dx and dy|x are equivalent, then X is a complete subspace of Y |

hence a closed subspace of Y . O

Example 2.3. The BK spaces ¢y and ¢ are closed subspaces of {o,. Thus the BK
norms on cg, ¢ and ls, must be the same. The BK space {1 is a subspace of {s, which
is not closed in ly. Thus its BK norm ||.||1 is strictly stronger than the BK norm

|-]]o0 07 £oo.



CHAPTER 3

THE GENERAL THEORY OF MEASURES OF
NONCOMPACTNESS

In this chapter, we give a comprehensive survey of measures of noncompactness
starting with an axiomatic approach as in [17]. Then in the following sections, we
consider two different measures of noncompactness : Kuratowski and Hausdorff

measures of noncompactness.

3.1 AN AXIOMATIC APPROACH TO A MEASURE OF NONCOM-
PACTNESS

In this section, we list the axioms for the general notion of measures of non-
compactness. We follow the general idea that the best way of studying measures
of noncompactness is to take an axiomatic approach. The two requirements for the
sets of axioms are that they should have natural realizations and be useful tools for

applications.

Definition 3.1. [17, Definition 1.1] Let (X, d) be a complete metric space and M x

be the family of all non-empty bounded subsets of X. A map

gb:./\/lX — [0,+OO)

is called a measure of noncompactness defined on X if it satisfies the following

properties:

18
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(i) Regularity : ¢(Q) = 0 if and only if Q is a relatively compact set.
(ii) Invariant under closure : ¢(Q) = ¢(Q), for all Q € Mx.

(iii) Semi-additivity : ¢(Q1 U Q2) = max {¢(Q1), d(Q2)} , for all Q1, Q2 € Mx.

From these axioms, the following properties can be deduced directly:

Theorem 3.1. (1) Monotonicity : Q1 C Q2 implies ¢(Q1) < d(Q2).

(2) Q1N Q2) <min{p(Q1),d(Q2)} , for all Q1, Qs € Mx.
(3) Non - singularity : If Q is a finite set then ¢(Q) = 0.

(4) Generalized Cantor’s Intersection Theorem: If (Q,) is a decreasing sequence of
nonempty, closed and bounded subsets of X and lim,,_, ¢(Q,) = 0, then the

intersection Qs of all Q, is nonempty and compact.

Moreover, if X is a Banach space, a measure of noncompactness ¢ can be

satisfy some additional properties. We mention some of them:

(5) Semi-homogeneity : ¢(tQ) = [t|o(Q) for all scalars t and all Q) € Mx.

(6) Algebraic semi-additivity : ¢(Q1 + @Q2) < d(Q1) + d(Qs2), for all Q1,Qs € Mx.
(7) Invariance under translations : ¢(z + Q) = ¢(Q) for any x € X and Q € Mx.

(8) Invariance under passage to the convex hull : ¢(Q) = ¢(co(Q)), for all Q €
Mx.

Example 3.1. [17, Ezample 1.] In every metric space X, the map

0, if Q is relatively compact;
$1(Q) =

1, otherwise.

is a measure of noncompactness. Furthermore ¢1 is called the discrete measure of
noncompactness. This measure is algebraically semi-additive and invariant under

translations and passage to the convex hull in normed spaces.
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3.2 TWO MEASURES OF NONCOMPACTNESS

In this section we define the two most frequently used measures of noncom-
pactness: the Kuratowski measure of noncompactness and the Hausdorff measure

of noncompactness. We state their properties and give the relations between them.
3.2.1 The Kuratowski measure of noncompactness and its properties

The notion of measure of noncompactness was first mentioned by Kuratowski
[20] in 1930. He defined this new measure in connection with general topological

problems.

Definition 3.2. Let (X, d) be a metric space and M x be the family of all nonempty
bounded subsets of X. The Kuratowski measure of noncompactness of ) € My,
denoted by o(Q), is the infimum of all positive € such that Q) can be covered by
finitely many sets of diameters less than e; that is, the function a : Mx — [0, 00)

is defined as follows

a(Q) :inf{a >0:QC U Sk, Sk C X, diam(Sg) <e(k=1,...,n;n € N)}

k=1

We start with some results from Kuratowski:

Lemma 3.1. Let (X,d) be a complete metric space, and Q,Q1,Q2 C Mx. Then

we have
a(Q) = 0 if and only if Q is relatively compact , (3.1)
Q1 C Qy implies a(Q1) < a(Q), (3.2)
a(Q) = a(Q), (3.3)
a(Q1U Q) = max{a(Qr), a(@2)} (3.4)
a(Q1NQ2) < min{a(Q1), a(Q2)} (3.5)

Proof. In view of the axiomatic approach we mentioned before, the properties (3.1),

(3.3) and (3.4) guarantee that the function « is indeed a measure of noncompactness.
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(i) We prove (3.1). By Definition 3.2, a(Q) = 0 directly implies Q is compact. We
assume that () is relatively compact. Since X is a complete metric space, () is
totally bounded. Then, for each £ > 0, () can be covered by finitely many sets

with diameter smaller than or equal to . Since € > 0 is arbitrary, a(Q) = 0.

(77) The statement in (3.2) comes from Definition 3.2 as follows:
We assume «(Q2) = m and Q1 C (3. Let ¢ > 0 be given. Then these
exist subsets Sy of which diam(Sy) < m+¢ (k= 1,2,...,n) such that Qs C
Ur_, Sk- Now Q1 C @ implies Q1 C U;_, Sk and so a(Q1) < m + £. Since
e > 0 is arbitrary a(@Q) < m.

(7i1) Now we show (3.3). We have a(Q) < «(Q) by (3.2). To prove converse
inequality, let «(Q) = m and € > 0 be given. Then there exist subsets Sy with
diam(Sg) <m+¢ (k=1,2,...,n) such that

Qc s
k=1

This implies

n n

QcC U Sk = US_k
k=1 k=1

and since diam(Sy) = diam(Sy) (k = 1,2,...,n), we conclude a(Q) < m =
a(Q). Hence the equality in (3.3) holds.

(1v) It follows from (3.2) that,

a(@Q1) < a(Q1UQ2) and a(Q2) < a(Q1U Qy),
and so
max {a(Q1), a(Qa) } < a(Q1 U Q2). (3.6)

Let max {a(Q1),a(Q2)} = m, and € > 0 be given. We know that (); and
()2 can be covered by a finite number of subsets of diameter smaller than
m + ¢ (Definition 3.2). Obviously, the union of these covers is a finite cover of

()1 U Q2. Hence we have a(Q1 U Q2) < m + €. Since ¢ is arbitrary, we obtain
a(@Q1 U Q) <max {a(Qq),a(@Q1)}. (3.7)

Now the equality in (3.4) follows from (3.6) and (3.7)



22

(v) Finally, we show (3.5).

From
Qi1NE2CQrand Q1 N2 C Qo

we obtain by (3.2)

a(@Q1NQ2) < a(@q) and (@1 N Q2) < a(Q2).

Hence we have the inequality

Q1N Q2) < min{a(Q1),a(Q2)}-

The next theorem is a generalization of the well-known Cantor Intersection

Theorem.

Theorem 3.2. (Kuratowski). Let (X, d) be a complete metric space. If {Q,} is a de-
creasing sequence of nonempty, closed and bounded subsets of X and lim,, o, a(Q,,) =

0, then the intersection Qo of all Q, is a nonempty and compact subset of X.

Proof. First, we show Qo # (0. Let x,, € Q, and X,, = {z : k >n}forn=1,2,....
Since X,, C @, we obtain from (3.1), (3.2) and (3.4)

a(Xy) = a(X,) < a(Q,) for each n. (3.8)

The assumption of the theorem and (3.8) together imply a(X;) = 0, hence X is
a relatively compact set, that is, X is compact. Thus the sequence (x,)>; has
a convergent subsequence with limit x € X, say. Since @), is closed in X, we get

xreQ,foralln=12,... that is, x € Q.

The set () is a closed set being the intersection of closed sets @), of X. Since
Qo C Qp forall n =1,2, ..., we obtain from (3.2) that a(Qs) < a(Q,) (x). Now
(%) and lim, . @(Q@,) = 0 together imply a(Q~) = 0, hence Q is a relatively
compact set by (3.1), that is, @ is a compact set. Since Qu is closed, Qs = Q...
Therefore, (0 is compact. O
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Theorem 3.3. Let X be a normed space and Q,Q1,Qs C Mx. Then we have

a(Q1 + Q2) < a(Q1) + (@), (3.9)
a(Q + z) = a(Q) for each x € X, (3.10)
a(AQ) = [N a(Q) for each X scalar | (3.11)
a(Q) = alco(Q)). (3.12)

Proof. (i) We prove (3.9). Let S, € Mx with diam(Sy) < d for each k =1,...,n
and Q1 C Jy_,; Sk. Similarly, let 7; € Mx with diam(T;) < s for each
j=1,...,mand @ C Uj_, T . Then we have

Q1 +Q2 C U U(Sk +T;) and diam(Sy, + Tj) < d+ s. (3.13)

k=1j=1

It follows from (3.13) that a(Q1 + Q2) < d + s.

(i) Now we prove (3.10). Let z € X be given. It follows from (3.9) that

a(@ + 1) < a(Q) + a({r}) = (@), (3.14)

and by the same argument we have

(@) = a((Q+12) + (—2)) < a(@+z) +al{-2}) = a(@+2).  (3.15)
Now we obtain (3.10) from (3.14) and (3.15).

(77) The equality in (3.11) is obvious for A = 0. So let A # 0 and S, € Mx
with diam(Sy) < d for k =1,...,n and Q; C |J;_, Sk. Then for any scalar
A, AQ C Up_ ASk and diam(\Sg) = |A|diam(Sy). Hence it follows that
a(AQ) < [Ma(Q). Since A # 0, analogously we have a(Q) = a(A1(AQ)) <
IAHa(A(Q)), that is |A|a(Q) < a(AQ). This proves (3.11).

(1v) Since Q C co(Q), a(Q) < a(co(Q)) is clear from (3.2). For the converse inequal-
ity, let Sy € Mx with diam(Sg) < d for each k =1,...,n and Q = (J,_, Sk-
It follows by (1.10) that

co(Q) = {Z Mg s A\ >0 (BE=1,... ,n),Z/\k =1,z € co(Sk)} . (3.16)

k=1 k=1
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Let € > 0 and
S = {()\1,,)\n) : Z)\k = 1, )\k Z O, k= 1,...,71}
k=1
Since S is a closed and bounded subset of (R™,||.||«), it is compact by the
Heine-Borel Theorem (Theorem 8.7 in Appendix), and the norm is defined as

follows

H()‘hv)\n)Hoo: sup |)‘z|

1<i<n

We put M = sup{||z|| : z € > ;_, co(Sk)}. Let
T = {(tj,ly ...,tjﬁ) ] = 1, ce ,m} cS

be a finite ¢/(Mn)-net for S, with respect to the ||.||cc-norm. Hence, if
Y pe1 Aki is a convex combination of elements of @, where x;, C co(Sy) for

k=1,...,n, then there exist (¢;1,...,t;,) C T such that

£

s An) = (it s tin)lloo < 5= (3.17)

Since
Z )\kmk = Z tj,kxk + Z()\k - tj,k)xk (318)
k=1 k=1 k=1

it follows from (3.16), (3.17) and (3.18) that

co(Q) = {Z)\kmk M >0(k=1,...,n), Z/\k: 1, s GCO(Sk)}

k=1 k=1

k=1 k=1

<.
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Therefore

co(Q) C U {thkco(Sk)} + ﬁ Z By, (3.19)

—tjk+tj,k>xk:)‘k Zo(k:177n)7 ZAk:l? xkECO(Sk)

}
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where By, = {z € X :||z|| < M} for £k = 1,...,n. Now from the previous
results (1.10), (3.9), (3.19) we have

a(co(Q)) (U {Zt kco(Sy) }) (M—ZBk>

j=1

< 1r<n]22(na (Z tjxco(Sk) ) Z

k:

< _—
< max tika (co(Sk)) + Mn2nM

n

< d max tie+2e <d+ 2.
1<]<mk_

3.2.2 The Hausdorff measure of noncompactness and its properties

Here we study the Hausdorff measure of noncompactness. Its basic proper-
ties are analogous to those of the Kuratowski measure of noncompactness stated
in Lemma 3.1 and Theorem 3.3 We start with the definition and then state the

properties.

Definition 3.3. The Hausdorff or ball measure of noncompactness of a bounded
set Q in a metric space X, denoted by x(Q), is the infimum of all positive £ such
that @ can be covered by finitely many open balls of radius less than €, that is, the
function x : Mx — [0,00) is defined by

X(Q):inf{6>0:QC UB,,«k(xk), xp € X, rk<6(k:1,...,n;n€N)}.
k=1

The next results are analogous to the respective one for the Kuratowski measure

of noncompactness, and their proof are similar.

Lemma 3.2. Let (X,d) be a complete metric space, and Q),Q1,Qs C Mx. Then



26

we have

Q) = 0 if and only if Q is relatively compact,
Q1 C Q2 implies x(Q1) < x(Q2),

X(Q) = x(Q),

X(Q1U Q2) = max {x(@1), x(Q2)},
X(Q1NQ2) < min {x(Q1), x(Q2)}-

Theorem 3.4. Let X be a normed space and QQ,Q1, Q2 C Mx. Then we have

X(Q1 + Q2) < x(Q1) + x(Q2),
X(Q + ) = x(Q) for each x € X,
X(AQ) = [A[X(Q) for each A scalar
x(Q) = x(co(Q)).

Now we state a theorem from [17]:

Theorem 3.5. [17, Theorem 2.5] Let By(0) be the unit ball in an infinite dimen-
sional Banach space X. Then x(B1(0)) = 1.

Proof. The inequality x(B1(0)) < 1 is clear from the definition of the Hausdorff

measure of noncompactness (Definition 3.3). We assume that d = x(B1(0)) < 1.

Let € > 0 be chosen such that d + ¢ < 1. Then there exist xq, xs,..., 2, in X such
that
Bi(0) € | B, (d +€)) = [J (@i + (d +€) B (0)).
k=1 k=1

It follows from the properties of Hausdorff measure of noncompactness that

d=x(B1(0)) < max {x(zx),(d +e)x(B1(0))} = (d +&)x(B1(0)) = d(d +¢).

1<k<
This implies d = x(B1(0)) = 0 and hence B;(0) is relatively compact, that is, it
is totally bounded, which contradicts the infinite dimensionality of the space X.

Therefore x(B1(0)) = 1. O

Now we shall show how to compute the Hausdorff measure of noncompactness

in the spaces £, for 1 < p < oo and cy.
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Theorem 3.6. (The Hausdorff Measure of Noncompactness in the spaces €, and
co.) Let Q) be a bounded subset of the normed space X where X = ¢, for 1 < p < oo
or X =cy. If P, : X — X is the operator defined by

P,(x) = Zxke(k) = (x1,22,...,2,,0,0,...) forz = (z)52, € X,
k=1

then we have

an:mn(prI—Ra@m). (3.20)

n—oo IEQ
Proof. We clearly have Vn € N

QcCPQ+(I-P)Q. (3.21)

It follows from Lemma 3.2 and Theorem 3.4 that

X(Q) < x(Fu(@Q) + (I = P)(Q))
< X(Fu(@)) +x(( = Fo)(@))
= x((I = P.)(Q))

< sup [[(I — F)(z)||
zeQ

Therefore

X(Q) < sup (L = B) (@)]]- (3.22)

Since the limit in (3.20) clearly exists, we have by (3.22)
X(Q) < lim <sup (I — Pn)(m)H) : (3.23)
n—oo er
We prove the converse inequality in (3.23). Let ¢ > 0 and {z1,..., 2} be a (x(Q) +
e)-net of Q). By (1.19)

QC 2,z + (X(Q) +2)Bi(0). (3.24)

It follows from (3.24) that for any « C () there exist z € {z1,..., 2} and s € B;(0)
such that z = z + (x(Q) + €)s. Hence we have
sup [[(1 — Po) (@) < sup [[(I = P,)(z)]| + (x(Q) + &) (3.25)
zeQ 1<5<k
Finally, (3.25) implies

i (sup (7 = P < (@)

n—oo TE
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and, since € > 0 was arbitrary, we have

lim (supnu - Pn><a:>||) <x(Q).

n—oo $EQ

This and (3.22) imply (3.20). m

Theorem 3.7. [16, Theorem 2.23] Let X be a Banach space with a Schauder basis
{e1,€2,...}, Q be a bounded subset of X, and P, : X — X the projector onto the

linear span of {eq,es,...,e,}. Then

1.

Stmsup (supl|i7 = P ) < x(@) (3.26)
a n—oo TEQ

< infsup||(I — P,)(z)|| < limsup (Sup 1L - Pn)(iv)||>
n oxeQ T€Q

n—oo

where a = limsup,, . ||I — P,||-

3.2.3 Relations between the Kuratowsk: and the Hausdorff measures of

noncompactness

The next result shows that the functions a and x are somehow equivalent.

Theorem 3.8. [16, Theorem 2.15] Let (X,d) be a metric space and Q € Myx.

Then we have

X(Q) < a(Q) < 2x(Q). (3.27)

Proof. Let € > 0 be given.

If {x1,...,2,} is an e-net of @, then {Q N B.(xx) : k =1,...,n} is a cover of () with
sets of diameter less than 2. This shows a(Q) < 2x(Q). To prove the inequality on
the left hand side of (3.27), we assume that {S; : k =1,...,n} is a cover of @) with
sets of diameter less than e and consider y; € Si for k =1, ....n. Now {y1,...,yn} is

an e-net of Q. This proves x(Q) < a(Q). O

Remark 3.1. In general, the inequalities in (3.27) can be shown to be best possible.
The geometric properties of the space are directly related to the two measures of
noncompactness and it is possible to improve the inequality x(Q) < a(Q) in certain

spaces. For example, in Hilbert space,

V2x(Q) < (@) < 2x(Q),
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and in £, for 1 < p < oo,

V2x(Q) < (@) < 2x(Q).

Remark 3.2. In general, o and x are different measures of noncompactness. How-

ever, we can find a direct relation between them in some Banach spaces.



CHAPTER /4

THE CLASSICAL SEQUENCE SPACES AND
CHARACTERIZATIONS OF MATRIX
TRANSFORMATIONS

Now we establish a relationship between the - and continuous duals of an FK

space. We use the follows notations

X' = {f|f : X — C, linear}
X ={f|f : X — C, continuous }
X! ={(Mf e x'

If X C w is a linear metric space and a € w, then we write

o0
lall; = llallxs = sup |> ara;
2€B5(0) | k=0

provided the expression on the right hand exists and is finite which is the case
whenever X is an FK space and the series >, apxy, converge for all x € X (Remark

2.2).

Theorem 4.1. [16, Theorem 1.23(b)] Let X be an FK space. Then we have A €
(X, ls) if and only if

|| A||5 = sup ||An|]5 < 0o for some § >0

where Ay, = (ank)72, denotes the sequence in the n-th row of the matriz A.
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Theorem 4.2. Let X and Y be BK spaces.

(a) [16, Theorem 1.23(a)] Then (X,Y) C B(X,Y), that is, every A € (X,Y)
defines an operator Ly € B(X,Y) by La(z) = Az for all x € X.

(b) [24, Theorem 1.9] If X has AK then B(X,Y) C (X,Y), that is, for each
L € B(X,Y) there exists A € (X,Y) such that La(x) = Ax for all z € X
holds.

(c) [16, Theorem 1.23(b)] We have A € (X, l) if and only if
[ Allx.0) = sup(sup {|Apz| : []] = 1}) < oo;

if A€ (X, ly) then
[1Lall = 1Al (x,00)-

Proof. (a) This is Theorem 2.2

(b) Let L € B(X;Y) be given. We write L, = P,oL for all n, and put a,, =
L,(e®) for all n and k. Let x = (73)3%, € X be given. Since X has AK, we
have z = 3 7 zre™ . and since Y is a BK space, it follows that L, € X for
all n. Hence we obtain L,(z) = > /2, T Ly (e®) = Y peo Trang = Az for all

n, and so L(z) = Ax.
(c) This follows immediately from Theorem 4.1 and the definition of ||A[|(x,¢..).-

]

Theorem 4.3. [23, 8.3.6] Let X be an FK space with AD, and Y and Yy be FK
spaces with Y1 a closed subspace of Y . Then A € (X,Y1) if and only if A € (X,Y)
and Ae®) €Yy for all k.

Theorem 4.4. [23, Theorem 7.2.9] Let X D ¢ be an FK space. Then X® C X';
this means that there is a linear one-to-one map T : X? — X'. If X has AK then T

18 onto.

Proof. We define the map T by Ta = f, (a € X?) where f, is the functional
with fo(z) = Y 7o arxy for all € X, and observe that Ta = f, € X' for all
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a € X” by Remark 2.2. Obviously T is linear. Furthermore, if Ta = 0 then
fal@) = Y paxxy = 0 for all z € X, in particular f,(e®) = a, = 0 for all £,
that is, @ = 0. Thus Ta = 0 implies a = 0, and consequently T is one-to-one.

Now we assume that X has AK. Let f € X' be given. We define the sequence a by

ar = f(e®) for k= 0,1,... . Let # € X be given. Then z = Y o, ze®), since X
has AK, and f € X' implies f(x) = f(D ooy zre®) =300 ap f(e®)) = 307 apay,
hence a € X” and Ta = f. This shows that the map T is onto. O]

A relation between the functional and continuous duals of an FK space is given

by

Theorem 4.5. Let X D ¢ be an FK space.

(a) Then the map q - X — X' given by q(f) = (f(e®))2, is onto. Moreover,
if T+ X? — X' denotes the map of Theorem 4.4, then ¢(Ta) = a for all
a € XP [23, Theorem 7.2.10].

(b) Then Xf = X', that is, the map q of Part (a) is one-to-one, if and only if X
has AD [23, Theorem 7.2.12].

Proof. (a) Let a € X/ be given. Then there is f € X such that a; = f(e®) for all
k, and so q¢(f) = (f(e®™))2, = a. This shows that q is onto. Now let a € X*
be given. We put f = Ta € X and obtain ¢(Ta) = q(f) = (f(e®))2, =
(Ta)(eM))iZy = (ar)iZo = a.

(b) First we assume that X has AD. Then ¢(f) = 0 implies f = 0 on ¢, hence f = 0,
since X has AD. This shows that q is one-to-one. Conversely we assume that X
does not have AD. By the Hahn-Banach theorem (Theorem 8.8 in Appendix),
there exists an f € X with f # 0 and f = 0 on ¢. Then we have ¢(f) = 0,

and ¢ is not one-to-one.

[]

Theorem 4.6. [23, Theorem 4.5.15] Let X D ¢ and Y D ¢ be BK spaces. Then
Z =M(X,Y) is a BK space with

||z|| = sup ||xzz]|| for all z € Z.
€S
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We obtain as an immediate consequence of Theorem 4.6

Corollary 4.1. [23, /.3.16] The a—, — and yv— duals of a BK space X are BK

spaces with

z€Sx k—0

lla|la = sup ||azx|]; = sup <Z ]akxk|) for all v € X“
z€Sx

and

n
E ApT

k=0

||al|g = sup [|az||ps = sup <SUp ) for all z € X%, X7.
rESx

r€Sx n

Furthermore, X® is a closed subspace of X".

Also, let X be any of the spaces ¢y, ¢, o or €, (1 < p < 00). Then, we have

I[11% = [|-I|xs on XP , where ||.||xs denotes the natural norm on the dual space X

Lemma 4.1. Let I denote any of the symbols o, B or v . Then, we have c% =ct =
0=, ﬁi = ls andﬁi ={,, where 1 <p < oo and q=p/(p—1).

Now, we give the following theorem without proof. You can find the proof of
the following theorem in [23]

Theorem 4.7. [10, 3. Ergebnisse] Let 1 < p,r < 00, ¢ =p/(p—1) and s =r/(r—1).
Then the necessary and suficient conditions for A € (X,Y) can be read from the

following table:

From/To | ls | co | ¢ | {4 l,
loo 11419114 17
co 151010 14 17
c 116|111 14 17
0 2.1 7|12 15 18
¢, 3 | 8| 18| 16 | unknown

where

1 A€ (b, lo) = (e, 00) = (co, bx) & (L.1).



(1.1) sup32 o] < o
2 A€ (l,0y) & (21).
(2.1) s o] < oc.
3 Ac (l,ly) < (3.1).
(3.1) sup 3ol < oo.
4 A€ (b, co) & (41).
(41) T3 o] =0.
5 A€ (cc) < (1.1),(5.1).
(5.1) limay =0 for all k.
6 Ac(cco) e (1.1),(5.1),(6.1).
(6.1) T3 ane =0.
7T A€ (l1,c) & (2.1),(5.1).
8 A€ (lyco) & (3.1),(5.1).
9 A€ (lo,c) & (9.1),(9.2) & (1.1),(9.1),(9.3) & (9.1), (9.4).

(9.1) limayy exists for all k,

)

(92) Hm Yol =¥

k

limank
(9.3) Hm) |ans — lima,,| =0,
n k n

(9.4) > |ank] =0 converges uniformly in n.
k

34
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10 A € (¢g,¢) < (1.1),(9.1).

11 A€ (¢,c) & (1.1),(9.1),(11.1). A € (¢,¢) with lim(Ax),, = limx,, for all z € ¢
& (1.1),(5.1), (11.2).

(11.1) 1im Y a, exists,
"ok

(112) TS an = 1.

12 A€ (fy,¢) & (2.1),(9.1).

13 A€ (fy,0) & (3.1),(9.1).

14 A€ (loo, 1) = (¢, 01) = (co, 1) & (14.1) & (14.2) & (14.3) & (14.4).

(14.1)  sup
N finite
K finite

YD Gnk

neN ke K

< 00,

(14.2)  sup > | > app| < o0,

N finite k |[neN

(14.3)  sup > | > ank| < 00,

K finite n |keK

(14.4) D21 > ank| < oo converges uniformly in K.
n | keK
K C Ny

15 Ac (51,£1) ~ (151)
(15.1) sup ) |ank| < oo.

k n

16 A€ ((,0) < (16.1).

(16.1)  sup > | D ankl? < 0.

N finite [ neN



17 A€ (U, b)) = (¢, 0,) = (co, br) & (17.1) & (17.2). There is rj1,

r

Z Ank

keK

< 00,

(17.1)  sup >

K finite n

r

(17.2) >3 > ank| < oo converges uniformly in K.
n keK
K finite

18 A€ (4,4,) < (18.1).

(18.1) sup > |ank|" < oc.
k n



CHAPTER 5

HAUSDORFF MEASURE OF NONCOMPACTNESS OF
OPERATORS

So far we measured the noncompactness of bounded subsets of metric spaces.
Now we measure the noncompactness of operators. We are also going to apply our
results to characterise the class of bounded compact linear operators from ¢; into
itself. Here we define the measure of noncompactness of a linear operator between
Banach spaces. The definition is similar to that of the norm of a bounded linear
operator between Banach spaces. We also study some properties of the measure of

noncompactness of operators.

Definition 5.1. Let k1 and ko be measures of noncompactness on the Banach spaces
X and Y, respectively.
(a) An operator L : X —'Y is said to be (K1, ka)-bounded if
L(Q) € My for each Q € Mx (5.1)
and there exists a real k with 0 < k < 1 such that
ko(L(Q)) < kr1(Q) for each Q € My. (5.2)
(b) If an operator L is (K1, ka)-bounded then the number ||L||(., x,) defined by
L] (61,00) = Inf {k = 02 K2(L(Q)) < ki (Q) for each Q € Mx} (5.3)

is called (K1, ko)-operator norm of L, or (ki, ke)-measure of noncompactness
of L, or simply measure of noncompactness of L. If ky = ky = Kk, we write

| L] = || L||(51,19)» for short.

37
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The first theorem is related to the Hausdorff measure of noncompactness of an

operator.

Theorem 5.1. [16, Theorem 2.25] Let X and Y be Banach spaces and L € B(X,Y').

Then we have
IL[lx = x (L (Sx)) = x(L(Bx)); (5.4)

where Bx = {x € X : ||z]| <1} and Sx = {x € X : ||z|| = 1} are the closed unit

ball and unit sphere in X.

Proof. We write B = Bx and S = Sy, for short. Since co(S) = B and L(co(S)) =
co(L(S)), it follows from the last identity in Theorem 3.4 that

X (L(B)) = x (L (co(5))) = x (co (L (5))) = x (L (5)), (5.5)

hence we have by (5.3) and Theorem 3.5 x (L (B)) <||L||y. Now we show ||L]|, <
X (L (B)). Let @ € M and {x : 1 <k < n} be a finite r-net of Q. Then we have Q

C Up_ B, () and obviously
L(@) C | L (Bi(x)) - (5.6)
k=1

It follows from (5.6), Lemma 3.2 and Theorem 3.4 that

X (L(Q)) < x (U L (Br(ka))>
k=1

< max x (L (B.(zx)))

1<k<n

= max x ({zx} + L (B,(0)))

1<k<n

= x (L (B,(0)))
= x (r-L(B)) = [r[x (L (B)) = rx (L (B))

hence x (L (Q)) < x(Q)x (L (B)), and so [|L[|y < x (L (B)). =

We state the next result without proof.
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Corollary 5.1. [16, Corollary 2.26] Let X, Y and Z be Banach spaces, C(X,Y)
denote the set of all compact operators from X into Y , L € B(X,Y) and L e
B(Y,Z). Then ||.||y is a seminorm on B(X,Y') and

I|L|ly = 0 if and only if L € C(X,Y), (5.7)
L] < ML, (5.8)

|IL+ K|y =||Ll||y, for each K € C(X,Y). (5.9)
1oLy < ILIWIZI - (5.10)

5.1 AN APPLICATION

First, we characterise the bounded linear operators from the set of all abso-

lutely convergent series into itself and determine the norm of such operators.

Theorem 5.2. Let

flz{a::(xk)ew:Z\xk\<oo}

k=1

denote the Banach space of all absolutely convergent series with

oo
[l = laxl.
k=1

We have L € B({y) = B({1,01) if and only if there exists an infinite matrizc A =

(ank)pe=1 of complex numbers such that

1] = St;pz |ank] < 00 (5.11)
n=0
and
L(z) = A(x) for all x € ;. (5.12)
In this case, we have
LI = [1A]], (5.13)

and the operator L uniquely determines the matriz A = (ank)yp—y- The operator L

is said to be given (defined) by the matriz A.
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Proof. (i) First we assume L € B(¢;) = B(¢y,¢;). Since ¢, has AK, L € B(¢,) is
given by a matrix A € (¢1,¢;) such that L(z) = A(x) by Theorem 4.2. Since

A € (4y,01), we have A, € éf = (., for each n. If we choose x = e® then we

have
Il = 3 1), | = DA, | =3 ol < LI
that is, N

|| A]| :s%p;yank\ < ||L|| < oo for all k (5.14)

and (5.11) holds. Furthermore, we have

| L(z Hl—Z!A =

)Zym_ |A||z]]1 for all z € £y,

/\/\
WE
o
=

)| < ||All||=]]1 for all z € /4, (5.15)

and so ||L|| < ||A]|. This and (5.14) together yield (5.13).
(ii) Conversely let the condition in (5.11) hold. Then we obviously have
sup |ank| < oo for all x € N,
k

that is, A, € l for all n € N. Let € ¢;. Then we obtain as in (5.15)
A(z) € £y, whence A € (¢1,¢1). We define the linear operator L : {; — ¢ by
(5.12). Then it follows that L € B(¢;).

Now we evaluate the Hausdorff measure of noncompactness of an operator

L € B(ty).

Theorem 5.3. Let L € B(¢1). Then L is given by an infinite matriz A, and we

have

L]y = lim. <Sl;p Z \ankl) : (5.16)
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Proof. We write S = S, for the unit sphere in ¢;. It follows from Theorems 3.6, 3.5
and 5.2 that

Il = X (L () = lm <sup > |Zankxk\) (5.17)

The limit in (5.16) obviously exists. From

1) RIS 9 SIES wi pol M) I

n=m k=1 n=m k=1
< <supz yankg el
k n=m

and we obtain
sup Z } Zankxk‘ < sup Z |an| for all z € 4. (5.18)
n m k=1

To prove the converse inequality, we choose z = e®) € ¢; for k € N. Since L(e(k)) =

A* = (a,1)%, Theorem 3.6 implies

X({L(e(k)) tk=1,2,...,}) = lim sup Z ||

mmree :cE{L(e““)) k=1,2,..., } n=m

= lim. (sup > !ank|> < x(L(9)).

n=m

This and inequality (5.18) together yield (5.16). O
Theorem 5.3 and (5.7) in Corollary 5.1 yield the characterisation of the class
0(61) - C(fl,gl).

Corollary 5.2. Let L € B({1) be given by an infinite matriz A = (ank)5p—1- Then
we have A € C(4y) if and only if

Jim (sup > Iank|) = 0.

n=m



CHAPTER 6

MATRIX DOMAINS

In this chapter, We shall characterize matrix transformations between some
spaces and apply the Hausdorff measure of noncompactness to give necessary and

sufficient conditions for these matrix maps to be compact operators.

Definition 6.1. Let X be a set of sequences and A an infinite matrix. Then the set
Xa={recw:Ax) e X}

is called the (ordinary) matrix domain of A. In the special case where X = c, the

set ¢y is called convergence domain of A.

Lemma 6.1. [16, Lemma 3.2] Let X be a linear space, (Y,||.||) a normed space
and T : X — 'Y a linear one-to-one map. Then X becomes a normed space with
llz||x = ||T(x)||. If, in addition, Y is a Banach space and T is onto Y , then

(X, |llx) is a Banach space.

Theorem 6.1. Let T be a triangle and (X, ||.||) be a BK space. Then Xr is a BK
space with ||x||r = ||T(x)|].

Proof. We define the map Ly : Xo — X by Ly(x) = T(x) for all x € Xr . Then Ly
is linear, one-to-one, since T is a triangle, and onto X, since Xy = L}l(X ) and Lp
is one-to-one. By Lemma 6.1, X is a Banach space. We show that the coordinates
are continuous in Xr . Let 2™ — z in X; . Then y,(fn) = Tp(x™) = 4 = Tp(2),
since X is a BK space. Let S be the inverse of T, also a triangle. Then a:é”) =
E?:o skjyj(.") — Z?:o SKjYj = Tk, that is, Py(z™) — Py(z). This shows that the

coordinates are continuous on X7 . ]

42
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As a special case of Theorem 6.1, we obtain,

Corollary 6.1. [23, Theorem 4.3.13] Let T be a triangle. Then cr is a BK space
with [|z|7,00 = [|T(2)|]o0-

Theorem 6.2. /23, Theorem 4.5.14] If X is a closed subspace of Y, then X4 is a

closed subspace of Yy.

6.1 MATRIX TRANSFORMATIONS INTO MATRIX DOMAINS

In this section, we shall show that, for triangles T, the characterizations of the

class (X, Yr) can be reduced to that of (X,Y).

Theorem 6.3. [21, Theorem 1] Let T be a triangle.

(a) Then, for arbitrary subsets X and Y of w, A € (X,Yr) if and only if B=TA €
(X, Y).

(b) Further, if X and Y are BK spaces and A € (X,Yr), then

| Lall = [I L]l (6.1)

Proof. Let x € X. Since A, € X? for all n = 0,1,..., we have x € wy. Further
T, € ¢(n = 0,1,...) because T is a triangle. Therefore, (T'A) (z) = T (A(x))
(cf. [23, Theorem 1.4.4, p. 8]).

(a) =: Let A € (X,Yr) and z € X. If we consider A(x) € Yr and T (A(x)) =
(TA) (z), (TA)(z) €Y. SoTA € (X,Y)
«<: Let B=TA € (X,Y) and x € X. Since (T'A) (x) = T (A(x)) and the
assumption, T'(A(x)) € Y, that is, A(x) € Yr. So A € (X, Y7).

(b) Let A € (X,Yr). Since Y is a BK space and T a triangle, Y7 is a BK space
with
yllyr = ITW)ly (y € Yr) (6.2)
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by Theorem 6.1. Thus A is continuous by Theorem 2.2 and consequently
[Lall = sup {{|La(2)|lyy - [[2]] = 1} = sup {[[A(@)[ly; : [|#] = 1 < o0}. (6.3)
Further, since B is continuous,
ILs|| = sup {[|La(2)[[y - [|z]| = 1} = sup {[[B()[y : [|z[| =1 < oo} . (6.4)

If we define B(z) = (T'A) (z) = T (A(x)), (6.1) follows from (6.2), (6.3) and
(6.4).

Definition 6.2. Let g = (qi) be a sequence of non-negative real numbers with gy > 0

and write

Q. = qu for alln € N. (6.5)
k=0

Then the Riesz mean with respect to the sequence q = (qi) is defined by the matriz

N, = {(N,) s} with

for all n,k € N.

It is known that ¢, is a BK space with the natural norm ||z, = (3", \xk\p)l/”

(p>1),s0 (Ep)m is a BK space by Theorem 6.1.

We know that there exist a unique inverse of any triangle matrix. Let z €

(lp),  s0y = N,(z) € £, and

n = (Ny(@)), = 1/Qn Z qrTk- (6.6)
k=0
If we consider Q,vy, — Qn_1Yn_1, We obtain
Tn =10 Y (=1)" " Quys. (6.7)
k=n—1

We can write Rq = {(Rq)nk}

0, others
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for all n, k € N. Strictly speaking, we have implicitly for all z € (¢,) 5

q

= QLZ% (1/%

= i

(—1)k_iQi?J¢>

1

k
—kh—
1 n
=0, D (Quyk — Qr1yi)
k=0

= Yn = ](y)7

that is,
Ry-N,=N, R,=1. (6.8)

Therefore, (]\_fq)_1 =R,

Theorem 6.4. Since {, is BK space with AK, (R, (e(”)))zozo

by [22, Theorem 2.2]. [24, Corollary 2.5(a) and (2.1)] yield a unique representation

is a basis for ({,)x,

for each x € ({y)x, -

If z and y are sequences and X and Y are subsets of w then we write xy =
(Tpyp)ilg, 2 Y ={a€w:ar e Y}and M(X,)Y)={a€w:ar €Y forall z € X}
for the multiplier space of X and Y.

We define the matrics S, AT by S,p = 1 (0 < k < n), Sy = 0 (k > n),
Ab, =1,AF ., =—1and A}, = 0 otherwise for all n, and use the convention that

any term with a negative subscript is equal to zero.
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By U, we denote the set of all sequences u with u; # 0 for all k, and we

write 1/u = (1/u;,)32,. Furthermore, we know that (u=! % £,)1 = (l)_1 s [(£,)]" for

= a,8,7 [(6)s]" = (6) 5 N6, [(G)s]” = (6) o N M(6y, c0) and [(6,)s] =
(EIZ) A+ MM(£y, L) These identities are valid when we use u £, instead of ¢, for

u € U. One can also find their general forms in [22, Lemma 2.1, Corollary 2.1 and

2.2].

If we put u = 1/Q, v = ¢, hence b = QA*(a/q) and d = Qa/q for a € w, then

we immediately obtain the following theorem from [22, Theorem 3.1].

Theorem 6.5. Let ¢ = (qx) be a sequence of non-negative real numbers with gy > 0,
Q = (Qn) such that Q, = Y ,_qx for alln, 1 < p < oo and r be the conjugate

number of p, that is, r = 0o and r =p/p —1 for 1 < p < co. Then we have

[(e,,)Nq]a —{a=(ap) €w:bel, andd € L), (6.9)
()5 = )5 = o= (@) cw:bet amddery. (6.10)

If X D ¢ is a BK-space and a = (ay) € w, then we define

[e.e]
lallxs = llallx = sup | > apay (6.11)
TESx k=0
provided the expression on the right hand side exists and is finite. Here, ||.| xs

denotes the natural norm on the dual space X?.

Theorem 6.6. [22, Theorem 3.3 Let 1 < p < oo and r = p/(p —1). Then the
necessary and sufficient conditions for the operator A from (Ep)Nq nto Ly co, ¢ and

{1 can be read from the following table:

To/From | s | co | ¢ | 4
(ﬁp)]\'/q 1 2131 4

where

1 (1.1), (1.2) where
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(1.1) sup |Qrank/qr| < oo for all n,
k

sup Y |Qr(@nr/qx — an,k+1/Qk+1)|T < oo (l<p<oo)
(1.2) n k=0
SU}E |Qr(ank/qr — an,k+1/Qk+1)| <oo(p=1)

2 (1.1), (1.2), (2.1) where

(2.1) nhg)lo |Qk(ank/qk — An 1/ qrr1)| = 0 for each k

3 (1.1), (1.2), (3.1) where

(3.1) 7}1_{{)10 |Qk(ank/qk — Ankt1/qrr1)| = oy for each k

4 (1.1), (4.1) where

r

sup Y |Qk D (ank/qr — @nps1/qrr1)| <00 (1 <p < o0)
(4.1) N i=0| nen

Sllip |Qk| ZneN |ank/Qk - an,k+1/qk+1\ < 00 (p = 1)-

where the supremum is taken over all finite subset N of N

We obtain the following Lemma as an immediate consequence of [22, Theorem

2.4(2.11)).

B
Lemma 6.2. Let 1 < p < oo and r be the conjugate number. Ifa = (ay) € [(€p>NJ ,

then
o) 00 k
Z apXy = Z Ax(a/q) Z 955
k=0 k=0 §=0

[QrAk(a/q)] (Ng)x

k=0

for all x = (z3) € (4,) 5 -

q

For any infinite matrix A = (a,x), we define the associated matrix A= (Gnk)

by
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~ Qp Qp, Qp,
G, = A (—’“) Qi = (q—: - ﬂ) Qx (6.12)

dr; Qk+1
Vn, k € N.

We obtain the following Lemma as an immediate consequence of [25, Theorems

3.2 and 3.4].

Lemma 6.3. Let Y be an arbitrary subset of w, 1 < p < oo and A € ((ﬁp)Nq ,Y).
Then A € (¢,,Y), where the entries of the matrix A are given by (6.12), and

Ar = E(qu) for all v = (x) € ({p) 5

Ny *

Futhermore, it follows by [25, Theorem 3.6], if A € ((ﬁp)Nq ,Y) then
[Lall = (1Ll (6.13)
Theorem 6.7. [27, Theorem 2.8] Let 1 < p < oo and r be the conjugate number

of p, that is, r = oo forp=1andr =p/p—1 for 0 <r < 1.

(a) LetY =cp,c,lo. If A€ ((ﬁp)Nq ,Y) then we put

( 0o 1/q
sup ( |Zink]q) (1 <p<o0)
k=0

n

B g, ) =52 1A, =

sup |ank| (p= 1)
\ n,k

Then we have

124l = 140 (g, )

(b) LetY =4;. If A e ((ﬁp)Nq ,61) then we put

> A,

neN

E Qpk

140 () 5,.) = P
neN

a\ 1/q
) (1 <p<o0).

(S

N\ k=0

eq
Then we have

||A||((€p)1\7q,1) < ||LA|| <4 ||A||((ZP)N ,1)'

q
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Proof. Since ¢, is a BK space with AK, A € ((Ep)]\—,q ,Y) implies A € (X,Y) by

Lemma 6.3, so () holds in each case.

(a) IfY = co, ¢, loo, then we have [|Lal| = [[Lz|| = sup, [[Ax][}, by [16, Theorem
1.23]. Now (%) follows from the definition of norms |.|| (()5,0) and the fact
P)Ng
that [.[[7, = [].»-

(b) Let Y = /;. Then again we have ||L4|| = ||Lz|| and by [26, Proposition 4.3],

we obtain with i

1Al g0y = sup [Y A < oo,
]yC.N nenN ¢
finite P

[Allgpe0) < 1Ll < 4- ([ Alle.0):

We obtain the following Theorem as an immediate consequence of [27, Corol-

lary 3.6].

Theorem 6.8. Let 1 < p < oo and r be the conjugate number of p. Then, we have

the following

(a) If A e ((fp)]\—,q ,co>, then

I£all = tim (sup 12,15 )- (6.14)
T—00 \ n>r
(b) IfAc ((fp) . ,c), then
1 . ~ ) ~
— lim (sup | A, — a||gr) <||Lally < lim (Sup | Ay — Ozng) , (6.15)
2 r—oo n>r 700 \ p>r

where & = (Gy)72, with &y, = lim a,y for all k.
n—oo

(c) IfAc ((fp) 5, ,zl), then

> A

nGNm

lim | sup
m—00 N,

> A

’nENm

<||Lally <4- lim [ sup
m—r0o0

m

(6.16)

Ly s
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Proof. (a) This follows from Lemma 6.3, (5.4), (3.20) and Theorem 6.7 (a).
(b) This follows from Lemma 6.3, (5.4), (3.26) and Theorem 6.7 (a).

(a) This follows from Lemma 6.3, (5.4), (3.20) and Theorem 6.7 (b).

We obtain the following theorem from (5.7) and Theorem 6.2.

Corollary 6.2. Let 1 < p < oo and r be the conjugate number of p. Then, we have
the following

(a) If A€ <(€p)]\—,q ,co>, then

L4 is compact if and only if lim (sup ||A\n||&) = 0.
r—00

n>r
(b) IfAc ((fp) . ,c), then
L4 is compact if and only if T1L11010 (sgp A, — ang) = 0.
where & = (&y)p, with &y = nlgIOIO Ak for all k.

(c) IfAc ((ep) . ,£1>, then

L, is compact if lim | sup = 0.

m—ro0 N,

2 A
’I’LGNm

Lr



CHAPTER 7

CONCLUSION

As a summary, a concise, self-contained and comprehensive outline of the mod-
ern functional analytic theories of FK, BK, AK and AD spaces, and of measures of
noncompactness are examined. Some applications of the theories to the character-
izations of the classes of linear operators between the classical sequence spaces are
given. Identities or estimates for the Hausdorff measure of compactness of operator
between some sequence spaces, and characterizations of compact operators are es-

tablished. Finally, a few applications to matrix domains of triangles are considered.

ol



CHAPTER 8

APPENDIX

8.1 INEQUALITIES

Theorem 8.1. (Hdélder’s inequality)
Let 1 <p<oo,q=p/(p—1) and xo,x1,...,Zn,Y0,Y1,---,Yn € C . Then

n n 1/p n 1/q
Z |zryr| < (Z |l’k|p> (Z |yk|q) (Hélder’s inequality) .
k=0 k=0 k=0

Or series if v € £, and y € {, then xy = (zxyx)ie, € {1 and

eyl < ll2llplyllo-

Theorem 8.2. (Minkowski’s inequality)
Let 1 <p<ooand q=p/(p—1) and xo,z1,...,Zn,Yo,Y1,---,Yn € C . Then

n 1/p n p s n 1/p
(Z |2k, + yk|p> < <Z |xk|p) (Z |yk|p) (Minkowski’s inequality) .
k=0 k=0 k=0

Or series if v,y € £, then x +y € £, and

|+ yllp < [l=[lp + [yl
Theorem 8.3. (Jensen’s inequality)
Let xg,x1,...,x, € C . Then

n
’
Z lzkP < o0 for some p > 0,
k=0

then

n
. . . . !
g |zk|P is a decreasing function inp > p .
k=0

52
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8.2 THE CLOSED GRAPH THEOREM AND THE BANACH-STEINHAUS
THEOREM

In this appendix, we collect the results from Functional Analysis needed in the

previous sections

Theorem 8.4. (Closed graph lemma)
Any continuous map into a Hausdorff space has closed graph ( [11, Theorem 11.1.1,

p. 195)).

Theorem 8.5. (Closed graph theorem)
If X and Y are Fréchet spaces and f : X — Y is a linear map with closed graph,
then fis continuous [11, Theorem 11.2.2, p. 200].

Theorem 8.6. (Banach-Steinhaus theorem)

Let (fn)52 be a pointwise convergent sequence of continuous linear functionals on

a Fréchet space X. Then f defined by

f(z) = lim f,(z) for all z € X.

n—oo

is continuous [11, Corollary 11.2.4, p. 200].

8.3 THE HEINE-BOREL THEOREM AND THE HAHN-BANACH THE-
OREM

Theorem 8.7. (Heine-Borel Theorem,)
In n-dimensional Euclidean space, a subset of the space is compact if and only if it

18 closed and bounded.

Theorem 8.8. [23, 3.0.1](Hahn-Banach theorem) Let X be a subspace of a linear
topological space Y and f be a linear functional on X which is continuous in the

relative topology of Y. Then f can be extended to a continuous linear functional on

Y.
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